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Addition and Subtraction

(5+20)+(3-2)=
(=4 420+ (-1-20) =
(5+20)—(3-2)=

(2420 + (=3 - 2i) =



Multiplication and Division

Questions
1) (8+7i)° 2) (3+8i)-2-14)
3) (-1 +6i)° 4) (-1 -8i)(6 - 51)
5) (8 —2i) 6) (8 +5ill—6—2i)

7) 8(-2i)(-5 — 4i) 8) (2 -2i)*

0) (4)(—2i)(—8 + 4i) 10) (—4 —44)(1 - 34)

11) (7 = 2i)(6 — 4i) 12) (4 - 3i)(6 - 6i)

1+9i -7 +06i
13) L 14) :
-2+9; T—10i
5 4- 8
15) : 16) :
—H—9 6 —5i
-1+ 3i —4+4i
17) - 18) -
—4 — 8i 4 —6i
-6 — —4 + 3i
19) : 20) — =1
1+5; 10+ 7i
Answers
1) 15+ 112 2y 2-19i 3y -35-12i 4) —46 —43i
5) 60— 32i 6) —38 — 46§ Ty —64 + 80i 8) —8i
9y —64 + 324 10y =16+ 8 11y 34 — 40 12y 6 —42;
79 2T 109 28 1 i 64 28
) — - — 14) —— —— 15) — —— 16) — ——
85 85 149 149 3 3 61 61
o L0 10 2 o) 11,29 2o SL 20
4 4 13 13 26 26 149 149



Conjugate

Change the sign of the imaginary part — for example the conjugate of -4+3i is -4-3i

Solving simple equations using Complex Numbers




Solve Quadratic Equations with Complex Roots

When a quadratic equation cannot be solved by factorisation the following formula can be used

The equation ax? + bx + ¢ = 0 has the roots given by

__ —bxVb2—-4ac

2a

X

Note: The whole of the top of the right hand side, including —b, is divided by 2a. It is also
called the quadratic or —b formula. If b? — 4ac < 0, then the number under the square root sign
will be negative, and so the solutions will be complex numbers.

Example
Solve the equation x? — 4x + 13
ax>+bx+c=0 =>a=1b=-4,¢c=13

x = —(—9)+/(-4)2-4(1)(13) _ 4+V16-52 _ 4+/-36 _ 4t6i

2(1) 2 2 2

X=2=+3i

Therefore, the roots are 2 + 3i and 2 — 3i

Note: Notice the roots occur in conjugate pairs. If one root of a quadratic equation is a complex
number then the other root must also be complex and the conjugate of the first: i.e., if 3
—4iisaroot, then 3 + 4i is also a root,

if —2 —5i is a root, then —2 + 5i is also a root

if a + bi is a root, then a — bi is also a root

Questions

Solve for each of the following equations:
a) x2—-6x+13=0

b) z2°-2z+10=0

) x+16=0

d x®+41=10x

e) 5=2x-x?



Complex Numbers Worksheet

1. For the complex number —10-+4i, identify the real number and the imaginary
number.

2. Write the conjugate of each. Then plot all eight complex numbers in the same
complex plane.

3.
4.

A) —2+4i B) 7i C)5
Evaluate.  a) i° b) it c) i*
Write the expression as a complex number in standard form.
a) (5+2i)+(3-2i) b) —i+(7-5i)—-3(2-3i)
(—2+4i)+(3-9i)

d) (—2+4i)—(3+9i) e) (5—2i)—2(3+i)

g) i(2+1) h) (2+3i)(1—-4i)
i) (3-2i)° k) (2i)(1-4i)(1+i)
Write the expression as a complex number in standard form.
2) 5 b) 3-3i 0 —2—4i
1+i 4i 7i
4+ 4i
€) :
2-9i
Find the absolute value of the complex number.
a) —2+5i b) 4-5i c) 1-5i
e) —5i
Solve each equation.
a) 4x*+20=0 b) 4x*> +5=—7 ) x* +4x=-20
e) X2+4x=-29  f) 3(x+4)" =-27

h) 6p?—8p=-3

D) 3-2i

c)

)3i(6-5i)
i) (~3+7i)(1-2i)

8+7i
3—-4i

d)

d) —2+i

d) x* =8x—35

g) 8r*+4r+5=0



Complex Numbers Worksheet

1. For the complex number —10-+4i, identify the real number and the imaginary

number.

2. Write the conjugate of each. Then plot all eight complex numbers in the same

complex plane.
A) —2+4i B) 7i C)5

3. Evaluate. a) i° b) it c) i

4. Write the expression as a complex number in standard form.
a) (5+2i)+(3-2i) b) —i+(7-5i)-3(2-3i)
(—2+4i)+(3-9i)
d) (—2+4i)—(3+9i) e) (5—2i)—2(3+i)
g) i(2+i) h) (2+3i)(1-4i)

i) (3-2i)° K) (2i)(1-4i)(1+i)
5. Write the expression as a complex number in standard form.
) i b) 3-3i 0 —2-4i
1+i 4i i
4+ 4i
€) :
2-9i
6. Find the absolute value of the complex number.
a) —2+5i b) 4-5i c) 1-5i
e) —5i

7. Solve each equation.
a) 4x*+20=0 b) 4x*> +5=-7 ) x* +4x=-20

e) X +4x=-29  f) 3(x+4) =27

D) 3-2i

c)

f)3i(6-5i)
i) (-3+7i)(1-2i)

8+7i

d
) 3-4i

d) —2+i

d) x* =8x—35

g) 8r2+4r+5=0

h) 6p?—8p=-3
Answers
1. Real number: —10; Imaginary number: 4i
2. A) —2-4i B) —7i C)5 D) 3+2i
3. a) -1 b) —i c)l
4. a)8 b) 1+3i c) 1-5i d) -5-5i e) —1-4i f) 15+18i
g) —1+21 h) 14-5i i) 11+13i j) 13-12i K)
(2i)(1-3i—4i%) =(2i)(5-3i) = (10i - 6i* ) = 6 +10i

5925 3,3 94 2 g 52711 28+4d

2 4 4 7 7 25 85

6. a) +/29 b) v41 c) \/26 d) 5 e) 5



7. @) tivB  b) £i3 C) 2+4i  d) 4+iV19 €) —2+5i  f) —4+3i

13 2 N2
9 4J_r 4 X Bi 6
Answers
1. Real number: —10; Imaginary number: 4i
2. A) 2-4i B) —7i C)5 D) 3+2i
3. a) -1 b) —i c)l
4. a)8 b) 1+3i c) 1-5i d) -5-5i e) -1-4i f) 15+18i

g) -1+2i h)14-5i ) 11413 ) 13-12i k)
(2i)(1-3i-4i%) = (2i)(5-3i) = (10i - 6i° ) = 6 +10i

5. 425 3,8 o4 Ay 52-l 28444
2 44 7 7 25 85
6. a) V29 b) V41 c) \/26 d) V5 e) 5
7. a) +ix6 b) +iV3 c) —2+4i  d) 4+i19 €) 245  f) —4+3i
1 3i 2 N2
-+ h)y =+——
9 4 4 ) 3 6
Answers

1. Real number: —10; Imaginary number: 4i
2. A) 2-4i B) —7i C)5 D) 3+2i
3. a) -1 b) —i c)l
4. a)8 b) 1+3i c) 1-5i d) -5-5i e) —1-4i f) 15+18i

g) -1+2i h)14-5i i) 11+13i ) 13-12i K
(2i)(1-3i—4i®) = (2i)(5-3i) = (10i -6 ) = 6+10i

5. 2) 5-5i ) 3.3 9 4 2 0 52-11 0 28 + 44
2 4" 4 7 7 25 85
6. 29  b) 41 c) V26 d) 5 e) 5
7. @) tivB  b) £i3 c) 2+4i  d)4+iv19 ) 245  f) —4+3i
g) _1+3_i h) giﬂ

4 4 3 6



Various Exercises




Q7 Express in the form a+bi (below)







Modulus

Letz=a + ib be a complex number. Then, the modulus of a complex
number z, denoted by |z|, is defined to be the non-negative real
number. Va2 + b2

modulus of a complex numberz = |z| = y/Re(z)? 4+ Im(z)?

where Real part of complex number = Re(z) = a and
Imaginary part of complex number =Im(z) =b

lz| =va? + b2

Example :

()z=5+6i50 |z| = /5% + 62 = /25 + 36= /61
(i)z=8+5is0 |z| = /8 + 5% = /64 + 25= /80

(i)z=3-is0 |z| = \/32 +(—1)2 =y9+4+1=+10

(V) z=1++/5Biso |z| =4/12 + /5" = /64 + 25= /80

(v)-6+2iso |z| = \/(—6}2 +2% = /36 + 4= /40

) 8+ 6150 |2| = 1/ (—8)2 + 6 = 64+ 36- /IO - 10

(vii) 12 - 5iso |z| = \/122 + (—5)? = /144 1 25= /169 =13



Modulus and Argument of a Complex Number

In this unit you are going to learn about the modulus and argument of a complex number. These
are quantities which can be recognised by looking at an Argand diagram. Recall that any complex
number, z, can be represented by a point in the complex plane as shown in Figure 1.

imaginary axis

The complex number
z s represented by P
the point P
length OF is the this angle is the

argument of £

madulus of 2 —\l

real axis

Figure 1. The complex number z is represented by point P. Its modulus and argument are shown.

We can join point P to the origin with a line segment, as shown. We associate with this line segment
two important guantities. The length of the line segment, that is OF, is called the modulus of the
complex number. The angle from the positive axis to the line segment is called the argument of
the complex number, z.

The modulus and argument are fairly simple to calculate using trigonometry.

Example. Find the modulus and argument of z = 4 + 3i.

Solution. The complex number z = 4 + 3i is shown in Figure 2. It has been represented by the
point ( which has coordinates (4.3). The modulus of z is the length of the line O which we can
find using Pythagoras' theorem.

(O0QP =42 +32=16+9=25

and hence O = 5.

Figure 2. The complex number z = 4 + 3i.

Hence the modulus of z = 4 4 3iis 5. To find the argument we must calculate the angle between
the = axis and the line segment Q). We have labelled this # in Figure 2.




By referring to the right-angled triangle OQN in Figure 2 we see that

tanﬂ:i

3
# = tan! 1= 36.97°

To summarise, the modulus of z = 4 + 3iis 5 and its argument is @ = 36.97°. There is a special
symbol for the modulus of z; this is |z|. So, in this example, |z| = 5. We also have an abbreviation
for argument: we write arg(z) = 36.97°.

When the complex number lies in the first quadrant, calculation of the modulus and argument is
straightforward. For complex numbers outside the first quadrant we need to be a little bit more
careful. Consider the following example.

Example.

Find the modulus and argument of z =3 — 2i.

Solution. The Argand diagram is shown in Figure 3. The point P with coordinates (3, —2) represents
z=3 -2
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Figure 3. The complex number z = 3 — 2i.

We use Pythagoras' theorem in triangle ON P to find the modulus of z:
(OPY=3"+22=13
OP =13

Using the symbol for modulus, we see that in this example |z| = /13.

We must be more careful with the argument. When the angle & shown in Figure 3 is measured in a
clockwise sense convention dictates that the angle is negative. We can find the size of the angle by
referring to the right-angled triangle shown. In that triangle tan a = £ so that a = tan™' = 33.67°.
This is not the argument of z. The argument of z is # = —33.67°. We often write this as
arg(z) = —33.67°.



Complex Numbers in Polar Form

r(cos8,isind)

Ai
(a, b)
’
b
g
- -
0 a R
\J
Example:

Express the complex number in polar form.
5+ 2i
The polar form of a complex number z = a + biis z = r (cos# + isin#f) .

So, first find the absolute value of r.

Now find the argument 8.
Sincea > 0, use the formulza @ = tan™! (%) .
f =tan! (%)

~ 0.38

Note that here @ is measured in radians.

Therefore, the polar form of 5 + 24 is about 5.39 (cos (0.38) + isin (0.38)) .




Complex Numbers in General Polar Form

r(cos (6 + 2nm), isin (8 + 2nm))




Exercises

Write each of the following in Polar and General Polar

1:

Express each of these complex numbers in the form r(cos O+ i sin 0), where i*=~
. Sl GURR
@) -1+ i) -V3-i (i) =+ —-i (iv) -6i.

Solutions on next page




Solution:
(i) -l+i=(-1,1)
re|=1+il =YD+ ()2=V1+1=\2

2

Im

-1 +i=\/§(cos —B%H sin -3:—;5)

i) -V3-i=(-V3.-1)
r=1V3-i| V324 (1)2=V3+ 1=Va =2
T

V3

Im

Re

(iv) —6i=0-6i=(0,-6)

r=10-6i|=V02+(-6)2=Y0+36=Y36=6
31:

Re

o

Re

—6t=6(oos—+:sm _)

dh
v

Re



Exercise

Express 4(cos %’Eu'sin %)intheformxﬂ’i.

Express 4(003—565+isin 26{) in the form x + yi.

Solution:
X 1ih b Phd st so:
— isin nd qu t, 50 I
cos-i--cos—’-r-—--vg :
6 6l 2 2 4 ‘%’!
Fio e S
6 6 2 23 Re

4(0 s—+zsin—) 46 )=-2\/§+2i

More Exercises

Express each of the following complex numbers in the form r(cos O+i sin 6), where i?=-1:

1wt 2. V3+i . 4. 3i
5. -2 6. -1-V3i 7. 1-i 8. 2-2i
9. V2-V2i  10. -3+V3i 11. l-ﬁi ' WL &
2 2 V2 V2
Express each of the following in the form a + bi:
. TP T .. = 2 . . 2n
13. cos 51’! sin 5 14. \/E(cos Z-+l sin z) 15. 6(cos 5 +1 sin T)

16. Zﬁ(cos %f- +1 8in %) 17. lO(cos —52 +1sin ﬁ) 18. 2(cos 4T +1 sin ﬁ)

6 6 3



