4-3 Average Rates of Change of Related Variables

Find the average rate of change of a function

Yy 2005 2006 2007 2008 2009 2010 20m 2012

C (y) 2.31 2.62 2.84 3.30 2.4 2.84 3.58 3.68

The price change per year is a rate of change because it describes how an output quantity changes relative to the change in the input
quantity. We can see that the price of gasoline in the table above did not change by the same amount each year, so the rate of change
was not constant. If we use only the beginning and ending data, we would be finding the average rate of change over the specified

period of time. To find the average rate of change, we divide the change in the output value by the change in the input value.

Change in output

Average rate of change=—; —
Change in input
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The Greek letter A (delta) signifies the change in a quantity; we read the ratio as “delta-y over delta-x” or “the change in y divided by

the change in .” Occasionally we write A f instead of Ay, which still represents the change in the function’s output value resulting

from a change to its input value. It does not mean we are changing the function into some other function.

In our example, the gasoline price increased by $1.37 from 2005 to 2012. Over 7 years, the average rate of change was

Ay 137
Az T7years
On average, the price of gas increased by about 19.6¢ each year.

=~ 0.196 dollars per year

A GENERAL NOTE: RATE OF CHANGE

A rate of change describes how an output quantity changes relative to the change in the input quantity. The units on a rate of

change are “output units per input units.”

The average rate of change between two input values is the total change of the function values (output values) divided by the
change in the input values.

Ay f(z2) — f(z1)

Az To — I

HOW TO: GIVEN THE VALUE OF A FUNCTION AT DIFFERENT POINTS, CALCULATE THE AVERAGE RATE OF CHANGE OF A
FUNCTION FOR THE INTERVAL BETWEEN TWO VALUES X; AND X.

1. Calculate the difference yo — y1 = Avy.

2. Calculate the difference @9 — 7 = Ax.

3. Find th ti Ay
. Fin e ratio ——.
Az
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EXAMPLE 1: COMPUTING AN AVERAGE RATE OF CHANGE

Using the data in the table below, find the average rate of change of the price of gasoline between 2007 and 2009.

Yy 2005 2006 2007 2008 2009 2010 201 2012
C(y) 2.31 262 2.84 3.30 2.41 2.84 3.58 3.68
SOLUTION

In 2007, the price of gasoline was $2.84. In 2009, the cost was $2.41. The average rate of change is

Ay  y2—11

Az z9— 1

2412384
~ 2009 — 2007

. —0.43
~ 2years

= —0.22 per year

Analysis of the Solution

Note that a decrease is expressed by a negative change or “negative increase.” A rate of change is negative when the output

decreases as the input increases or when the output increases as the input decreases.

EXAMPLE 2: COMPUTING AVERAGE RATE OF CHANGE FROM A GRAPH

Given the function g (t) shown in Figure 1, find the average rate of change on the interval [—1, 2].

a(?)

Figure 1
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SOLUTION

Ag(f) = —3

2 10 1 2 3 4

. e
At =3
Flgure 2

Att = —1, the graph shows g (—1) = 4. Att = 2, the graph shows g (2) = 1.

The horizontal change At = 3 is shown by the red arrow, and the vertical change Ag (t) — —3 is shown by the turquoise arrow.

The output changes by —3 while the input changes by 3, giving an average rate of change of

14 _3_
2 (-1) 3
Analysis of the Solution
. . ¥y2—U . : ;
Note that the order we choose is very important. If, for example, we use ——, we will not get the correct answer. Decide which
T — T2

point will be 1 and which point will be 2, and keep the coordinates fixed as (21, Y1) and (z2, y2).
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EXAMPLE 3: COMPUTING AVERAGE RATE OF CHANGE FROM A TABLE

After picking up a friend who lives 10 miles away, Anna records her distance from home over time. The values are shown in the table

below. Find her average speed over the first 6 hours.

t (hours) 0 1 2 3 4 5 6 7
D(t) (miles) 10 55 90 153 214 240 282 300
SOLUTION

Here, the average speed is the average rate of change. She traveled 282 miles in 6 hours, for an average speed of

292 — 10
6—-0
282

6

=47

The average speed is 47 miles per hour.

Analysis of the Solution

Because the speed is not constant, the average speed depends on the interval chosen. For the interval [2,3], the average speed is 63

miles per hour.
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EXAMPLE 4: COMPUTING AVERAGE RATE OF CHANGE FOR A FUNCTION EXPRESSED AS A FORMULA

2

1
Compute the average rate of change of f () = #° — — on the interval [2,4].
a

SOLUTION

We can start by computing the function values at each endpoint of the interval.

(fo=2-3 sfw=2-3
:4—% =16 —14
7 63

(73 -1

Now we compute the average rate of change.

( Average rate of change = %
=5
1 3
42
Y
_ 3
® - 2
)
. 8
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