Complex Numbers
Imaginary numbers

The square root of a negative number is called an imaginary number, e.g. √–16, -√49, √-29, √-3 are imaginary numbers.

Imaginary numbers cannot be represented by a real number, as there is no real number whose square is a negative number. To overcome this problem the letter i is introduced to represent √–1.


i = √–1

Note: If i = √–1 then i2 = √–1*√–1 = (√–1)2 = –1


i2 = –1

All imaginary numbers can now be expressed in terms of i, e.g.

√-36 = √36*-1 = √36*√-1 = 6i
√-81 = √81*-1 = √81*√-1 = 9i
√-7 = √7*-1 = √7*√-1 = 2.64i
Exercise

Express each of the following in terms of i, where √–1 = i:

√-9

√-125

√-27

√-4

√-16

√-29

√-100

√-49

√-28

Write each of the following as real numbers (remember i2 = -1):

(2i)(3i)

    (-2i)(6i)

(-4i)(-3i)
     (3 –2i)(3 + 2i)

Define a Complex Number in Rectangular Form

We can represent complex numbers in rectangular form (real part and imaginary part) and polar form (magnitude and angle).

Rectangular form

A complex number has two parts, a real part and an imaginary part.

Some examples are 3 + 4i, 2 – 5i, -6 + 0i, 0 – i.

Consider the complex number 4 + 3i,

4 is called the real part,

3 is called the imaginary part.

Note: 3i is not the imaginary part.


Complex number = (Real Part) + (Imaginary Part)i
C denotes the set of complex numbers.

The letter z is usually used to represent a complex number, e.g.,

z1 = 2 + 3i, z2 = -2 – i, z3 = –5i
If z = a + bi, then 

(i) a is called the real part of z and is written Re(z) = a
(ii) b is called the imaginary part of z and is written Im(z) = b
Example

Write down the real and imaginary parts of each of the following complex numbers:

(i) 3 + 2i

(ii) –6 – 8i
        (iii) 7
          (iv) –5i
Answer





Real Part

Imaginary Part

(i) 3 + 2i

       3


          2

(ii) –6 – 8i

      -6


        -8
(iii) 7


       7


          0

(iv) –5i


       0


        -5

Note: i never appears in the imaginary part.

Questions

Write down the real and imaginary parts of each of the following complex numbers:

(i) 7 + 4i
(ii) –1 – 2i
(iii) 4

(iv) –2

(v) 4 – 5i
(vi) –4 + i
(vii) √5 + √3i
Add, Multiply and Divide Complex Numbers

To add or subtract complex numbers do the following:


Add or subtract the real and the imaginary parts separately

Example

a) (3 + 5i) + (4 – 9i)

b) (7 – 6i) – (3 + 8i)

c) (3 – 4i) + (-1 – i) + (4 – 2i)

a)
(3 + 5i) + (4 – 9i)


= 3 + 5i + 4 – 9i

= 3 + 4 + 5i – 9i

= 7 - 4i
b)
(7 – 6i) – (3 + 8i)


= 7 – 6i – 3 - 8i

= 7 – 3 - 6i - 8i


= 4 – 14i
c)
(3 – 4i) + (-1 – i) + (4 – 2i)


= 3 – 4i -1 – i + 4 – 2i

= 3 – 1 + 4 – 4i – i – 2i

= 6 – 7i
Multiplication by a real number

Multiply each part of the complex number by the real number.

Example

If z1 = 3 – 2i, z2 = 1 – 5i and z3 = -4i, express in the form x + yi:

(i) 4z1 – 3z2
(ii) z1 – 2z2 + 3z3
Answer

(i)
4z1 – 3z2

= 4(3 – 2i) – 3(1 – 5i)


= 12 – 8i – 3 + 15i

= 12 – 3 - 8i + 15i

= 9 + 7i
(ii)
z1 – 2z2 + 3z3

= (3 – 2i) – 2(1 – 5i) + 3(-4i)


= 3 – 2i –2 + 10i – 12i

= 3 – 2 – 2i + 10i – 12i

= 1 – 4i
Questions

Write each of the following in the form a + bi:

a) (4 + 2i) + (5 + 6i)

b) (-4 + 3i) + (3 + 2i) + (-2 + 3i)

c) -3(-3 + 2i) + 2(5 + i) –4(2i –3)

If z1 = 2 + 3i, z2 = 1 –4i, z3 = 5 –2i, z4 = 6 and z5 = -3i, express each of the following in the form x + yi:

a) z1 + z2 + z3
b) 3z5 - 2z4 + z2
c) (z5 – z1) – (z3 – z2)

Multiplication of Complex Numbers

Multiplication of complex numbers is performed using the usual algebraic method except; i2 is replaced with –1.

Example 1

Express (i) (2 + 3i)(-3 + 4i) and (ii) (3 + i)(-2 –5i) in the form a + bi.

(i)
(2 + 3i)(-3 + 4i)


= 2(-3 + 4i) + 3i(-3 + 4i)


= -6 + 8i – 9i + 12i2


   (replace i2 with –1)


= -6 + 8i – 9i –12


= -18 - i
Example 2

(ii)
(3 + i)(-2 –5i)


= 3(-2 –5i) + i(-2 –5i)


= -6 –15i – 2i – 10i2

   (replace i2 with –1)


= -6 –15i –2i + 5

= -1 –17i
Questions

If z1 = 5 – 2i, z2 = -2 –3i, and z3 = -1 –i, express the following in the form of a + bi:

a) z12
b) iz2z3
Determine the Conjugate of a Complex Number

Two complex numbers, which differ only in the sign of their imaginary parts, are called conjugate complex numbers, each being the conjugate of the other.

Thus 3 + 4i and 3 – 4i are conjugates, and –2 –3i is the conjugate of –2 + 3i and vice versa. If z = a + bi, then its conjugate, a – bi, is denoted by z bar.


z = a + bi => z = a - bi
To find the conjugate, simply change the sign of the imaginary part only.

For example, if z = -6 -5i then z bar = -6 + 5i
Note: If a complex number is added to, or multiplied by, its conjugate the imaginary parts cancel and the result will always be a real number.

Example

If z = -2 + 3i, simplify (z + z)        (ii) z  – z, and         (iii)   z * z.

Answer

If z = -2 + 3i, then  z  = -2 – 3i (change the sign of the imaginary part only).

(i)
 z + z

= (-2 + 3i) + (-2 - 3i)


= -2 + 3i –2 – 3i

= - 4


(ii)
 z – z

= (2 + 3i) - (2 - 3i)


= 2 + 3i –2 + 3i

= 6i
(iii)
z *  z

= (2 + 3i)*(2 - 3i)


= 2(2 - 3i) + 3i(2 - 3i)


= 4 – 6i + 6i - 9i2

= 4 - 9i2

= 4 - 9(-1)


= 4 + 9


= 13

Questions

Find z bar for each of the following:

z = 3 + 5i

z = -2 + 6i

z = -3i
z = -i


 z = 4 – 3i

Find (i) z + z,   (ii) z – z and   (iii) z * z for each of the following:

z = 4 + 5i

z = -4 + 2i

z = 4

Division by a Complex Number


Multiply the top and bottom by the conjugate of the bottom

This will convert the complex number on the bottom into a real number. The division is then performed by dividing the real number on the bottom into each part on the top.

Example

Express 

    in the form of a + bi
Answer




  =  
           *  

Top by the Top


Bottom by the Bottom
= (1 + 7i)(4 – 3i)


= (4 + 3i)( 4 - 3i)

= 25 + 25i



= 25


= 

  = 25/25 + 25i/25

1 + i
Questions

Express each of the following in the form of a + bi
(i)


     (ii)


         (iii)


Solve Quadratic Equations with Complex Roots

When a quadratic equation cannot be solved by factorisation the following formula can be used


The equation ax2 + bx + c = 0 has the roots given by


   x = 

Note: The whole of the top of the right hand side, including –b, is divided by 2a. It is also called the quadratic or –b formula. If b2 – 4ac < 0, then the number under the square root sign will be negative, and so the solutions will be complex numbers.

Example

Solve the equation x2 – 4x + 13



    ax2 + bx + c = 0


=> a = 1, b = -4, c= 13


   x =




=> x =



=> x = 




=> x =


=> x = 




=> x = 2 ± 3i
Therefore, the roots are 2 + 3i and 2 – 3i
Note: Notice the roots occur in conjugate pairs. If one root of a quadratic equation is a complex number then the other root must also be complex and the conjugate of the first: i.e.,
if 3 – 4i is a root, then 3 + 4i is also a root,



if –2 –5i is a root, then –2 + 5i is also a root



if a + bi is a root, then a – bi is also a root

Questions

Solve for each of the following equations:

a) x2 – 6x + 13 = 0

b) z2 – 2z + 10 = 0

c) x2 + 16 = 0

d) x2 + 41 = 10x
e) 5 = 2x – x2
Plot Complex Numbers on the Argand Diagram

An Argand diagram is used to plot complex numbers. It is very similar to the X and Y axis used in co-ordinate geometry except that the horizontal axis is called the real axis (Re) and the vertical axis is called the imaginary axis (Im).

Example

If Z1 = 3 + 2i, Z2 = 4 – 2i, Z3 = -2 + i, Z4 = 2 and Z5 = -3i;

Below represents z1, z2, z3, z4 and z5 on the Argand Diagram.
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     -i







    -2i







    -3i
Question

Construct an Argand diagram from –6 to + 6 on the real axis and –5i to +5i on the imaginary axis. Represent each of the following complex numbers on it:

5 + 4i

2 – i

-7

-3i

-3 –2i
4 + 2i

-4 –5i

i

5 – 4i
Write Complex Numbers in Polar Form

It is convenient sometimes to express a complex number a + bi in a different form. On an Argand diagram, let OP be a vector a + bi. Let r = length of the vector and θ the angle made with OX.


Then r2 = a2 + b2
r = √a2 + b2
and tan θ = b/a

θ = tan-1 b/a
Also
a = rcosθ   and   b = rsinθ
Since z = a + bi, this can be written

z = rcosθ + irsinθ
i.e. z = r(cosθ + isinθ)

This is called the polar form of the complex number a + bi, where

r = √a2 + b2
and   θ = tan-1 b/a
Example 1

Express Z = 4 + 3i in polar form.

First draw a sketch.

We can see that:

(a) r2 = 42 + 32  

         =  16 + 9 

         = 25

       r = 5

(b) tan θ = ¾ = 0.75, θ = 36º 52’

z = a + bi = r(cosθ + sinθi)

So in this case z = 5(cos36º 52’ + i.sin36º 52’)


Example 2

What is the polar form of the complex number (2 + 3i)?

Z = 2 + 3i = r(cosθ + isinθ)

r2 = 4 + 9 = 13,
r = 3.606


tan θ = 3/2 = 1.5,
θ = 56º 19’

z = 3.606(cos56º 19’ + i.sin56º 19’)



Determine the Modulus of a Complex Number and the Argument

There are particular names for the values of r and θ:
Z = a + bi = r(cosθ + sinθ.i)

Modulus

r is called the modulus of the complex number z and is often abbreviated to ‘mod z’ or indicated by   z       

Thus if z = 2 + 5i, then    z   = √22 + 52 = √4 + 25 = √29

Argument

θ is called the argument of the complex number and can be abbreviated to ‘arg z’.

So if z = 2 + 5i, then arg z = θ = tan-1 (5/2) =  68º 12’

Warning: In finding θ, there are of course two angles between 0º and 360º, the tangent of which has the value b/a. We must be careful to use the angle in the correct quadrant. Always draw a sketch of the vector to ensure you have the right one.

Example

Find arg z when z = -3 –4i
θ is measured from OX to OP.

We first find E, the equivalent acute angle from the triangle shown:


tan E = 4/3 = 1.333
Therefore E = 53º 8’


Then in this case: θ = 180º + E = 233º 8’


arg z = 233º 8’




Question

Find the arg of –5 + 2i

Apply de Moivre’s Theorem to finding powers of Z and to finding the cube roots of 1

DeMoivre’s theorem states that [r(cosθ + sinθ.i)]n = rn(cosnθ + isinnθ)

It says that to raise a complex number in polar form to any power n, we raise the r to the power n and multiply the angle by n:

Example

[4(cos50º + sin50ºi]2 
= 42[cos(2*50º) + isin(2 * 50º)]




= 16(cos100º + isin100º)

and 
[3(cos110º + isin100º)]3 = 27(cos330º + isin330º)

and in the same way:

[2(cos37º + isin37º)]4 = 16(cos148º + isin148º)

See page 457 – Engineering Mathematics (K.A. Stroud)

√a*√a = (√a)2 = a





   √a*b = √a * √b
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