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Statistics and Chance
It is generally concerned with the collection, analysis and interpretation of data. Everyday applications include: surveys, opinion polls etc. A typical industrial application (in a Quality Control (Q.C.) context) would be the monitoring of incoming components / raw material, finished product with a view to confirming the conformance to specification etc.

Unfortunately, variation / variability is an unwelcome fact of life in the production / manufacturing context.

In most cases you cannot measure / record all instances or occurrences when studying a process or population. Therefore you have to take a sample.

Types of sampling

Simple Random Sampling

In this case each member of the parent population has an equal chance of ‘appearing’ in the sample. For example, chose a sample size of 5 from a lot of 1000.

Systematic Sampling

a) Sampling your population first thing every morning.

b) Sampling immediately after a break.

c) Sampling just after a change in shift.

Your result is now a set of ‘data’. If your population size is small enough, you may chose to sampling every item in that population. However, this can be time consuming, and is thus rarely feasible.

Drawing conclusions from your data?

Raw data may not be very informative. It can be difficult to interpret. Fortunately, there are ways of looking at your data, e.g. tabular, graphical, numerical summaries are helpful.

Organise Raw Data into an Array

Example:

The contents of each of 30 packets of washers are recorded:

	28
	31
	29
	27
	30
	29
	29
	26
	30
	28

	28
	29
	27
	26
	32
	28
	32
	31
	25
	30

	27
	30
	29
	30
	28
	29
	31
	27
	28
	28


We can appreciate this set of numbers better if we now arrange the values in ascending order, writing them still in 3 lines of 10. If we do this, we get the following;

[image: image5.wmf]
Distinguish between Discrete and Continuous variable.

Any quantity that can have a number of values is a variable. A variable may be one of two kinds:

(a) Discrete – a variable that can be counted, or which there is a fixed set of values.

(b) Continuous – a variable that can be measured on a continuous scale, the result depending on the precision of the measuring instrument, or the accuracy of the observer.

Discrete Data

Discrete Data can only take certain values.


Example: the number of students in a class (you can't have half a student).
Continuous Data

Continuous Data can take any value (within a range)

Examples:

· A person's height: could be any value (within the range of human heights), not just certain fixed heights
· Time in a race: you could even measure it to fractions of a second
· A dog's weight
· The length of a leaf
· etc

Question

State whether each of the following is a discrete or continuous variable:

(a) The number of components in a machine 
(b) The capacity of a container

(c) The size of the workforce in a factory

(d) The speed of rotation of a shaft

(e) The temperature of a coolant

Answer

(a) Discrete  (b) Continuous (c) Discrete (d) Continuous (e) Continuous

Tabulate Frequencies from Raw Data and construct a Frequency Table.

Using our raw data above, you may have noticed that some values occur more than once. Therefore, we can form a table showing how many times each value occurs:

	Value
	Number of times

	25
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	26
	2

	27
	4

	28
	7

	29
	6

	30
	5

	31
	3

	32
	2


Question

This table is called a ‘Frequency Table’. The total frequency is therefore?

Tally Diagram

[image: image7.wmf][image: image8.wmf]When dealing with large numbers of readings, instead of writing all the values in ascending order, it is more convenient to compile a tally diagram, recording the range of values of the variable and adding a stroke for each occurrence of that reading, thus:

	Variable (x)
	Tally marks
	[image: image9.wmf]Frequency (f)

	25
	 /
	1

	26
	 //
	2

	27
	 ////
	4

	28
	[image: image10.wmf] ////  //
	7

	29
	 ////  /
	6

	30
	 ////
	5

	31
	 ///
	3

	32
	 //
	2


Question

The number of components per hour turned out on a lathe was measured on 40 occasions:

	18
	17
	21
	18
	19
	17
	18
	20
	16
	17

	19
	19
	16
	17
	15
	19
	17
	17
	20
	18

	17
	18
	19
	19
	18
	19
	18
	18
	19
	20

	18
	15
	18
	17
	20
	18
	16
	17
	18
	17


Compile a tally diagram and frequency distribution table of the values.

Graphical Representation of Data

For Example: pie chart, bar chart, trend graph, histogram, scatter diagram.

Graphical summaries are the usual approach to interpreting data e.g., a graphical representation of the frequency table / distribution.

Pie Chart

For qualitative data you may use a Pie Chart. In this case the circle is segmented in proportion to the frequencies. For example, products from a factory line are designated Good, Rework or Scrap (i.e., discrete).


	 
	G
	R
	S
	Total

	Freq.
	871
	93
	36
	1000

	Rel. freq.
	0.871
	0.093
	0.036
	1

	Slice' (degrees)
	313.6
	33.5
	12.9
	 360


360o*0.871

Note: a pie chart of the relative frequency would have exactly the same appearance.

Relative frequency: If you divide frequency by the total = rel. frequency, which should add up to 1 (frequencies add to the total number of observations).

Bar Chart

Using our frequency table of the raw data example, a bar chart represents the data in the following figure.
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Trend Graph

In this example, a Trend Graph illustrates real estate tax increases.
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Another example of a trend graph is displayed below. Average monthly temperature from Fota Wildlife Park, recorded over the course of one year is represented as a trend graph.
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Histogram

Similarly, the frequency table of the raw data example is plotted using a histogram as follows.
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Interpret Data presented in Graphical Form

Overall, frequency tables, and graphical representations of them give a clearer picture / impression of your data set. You may now be able to see

· Shape

· Location – e.g., centre

· Spread – variation

· (potential) ‘Outliers’ (you will test later to calculate whether a value / record is an outlier or not. Therefore, do not rush to call something an outlier).

Uses of Graphical Representations.

· You can mark the specific limits of your process / data on the histogram – capability of the process (spread of data is a measure of the capability of the process).

· Visual Comparisons – different machines, say, may give you different shaped graphs. However, make sure the scale at the bottom of the graph is the same so that you can compare machines, employees etc.


Disadvantages / Danger

Some detail, particularly relating to production is lost in summarising data. For example, if there is a drift in the data over time, it is not seen in a bar chart.

Histogram Shapes

1. ‘Symmetric’ Single ‘Mode’ (peak) is typical of machined dimensions. It implies a stable process. This is the one you want to see.

2. ‘Truncated’ (one or both ends). It has a single ‘mode’. It comes from received materials (tampering – inspection). 

3. Bi(multi) Modal. Could indicate a mixture of datasets / populations. For example, the work of two operators, lots, work over two shifts. Try to separate these out. Therefore, keep lots separate prior to analysis.

4. Apparent missing data. This may come from uncertain use of a gage, e.g. a problem around the top limit (tampering). Maybe somebody rounded up data. Normal data should not be like this. Rather, it should have a normal distribution.




Summarise Data using Averages e.g. Mean, Median, Mode
Measure of central tendency

There are three common measures of central tendency, the mean, mode and median, of a set of observations and we shall discuss each of them in turn.

Mean

The arithmetic mean x of a set of n observations is simply their average,

i.e., mean = sum of the observations



        number of observations
   therefore x=  ∑ x








   n

For example: calculate the mean from the following set of raw data.

14.8, 12.6, 6.8, 7.9, 33.4, 21.6, 22.6, 3.4, 11.9.


n = 9, ∑ x = 135.
x = 15

Question

Find the mean of each of these arrays of numbers:

(i) 2, 6, 10, 14, 18


(ii) 2, 0, 8, 16, 6, 24

(iii) 6, 0, -5, 4, 8, 5

(iv) x, x + 3, x + 1, x - 3, x – 1

(v) The mean of 1, x, 3, 6, and 8 is 7. Find x.

When calculating the mean from a frequency distribution, this becomes


Mean = x =    ∑ x      =  ∑ x . f




n
    ∑  f
Example

For the following frequency distribution, we need to add a third column showing the values of the product x times f, after which the mean can be found:

	Variable
	Frequency
	Product

	(x)
	(f)
	(x . f)

	15
	1
	15

	16
	4
	64

	17
	9
	153

	18
	10
	180

	19
	6
	114

	20
	2
	40


Because n  =  ∑ f  =  32  and  ∑  x . f  =  566      Therefore,  x  =  ∑  x . f  =  566  =  17.69










∑ f  
  32

Calculate the Mean for Grouped Data

If the range of values of the variable is large, it is often helpful to consider these values arranged in regular groups, or classes. For example, the numbers of the overtime hours per week worked by employees at a factory are as follows:

	45
	31
	46
	24
	57
	39
	42
	55
	20
	37

	40
	59
	11
	38
	34
	22
	62
	33
	48
	43

	57
	37
	43
	51
	29
	41
	35
	66
	45
	32

	44
	47
	42
	46
	54
	65
	17
	35
	53
	27

	38
	22
	33
	39
	45
	32
	43
	41
	57
	45


Lowest value of the variable = 11

Highest value of the variable = 66

Therefore, arrange 6 classes of 10 hours each.

To determine the frequency distribution, we set up a table as follows:

	Overtime hours (x)
	Tally marks
	Frequency (f)

	10 - 19.
	 //
	2

	20 - 29.
	 ////  /
	6

	30 - 39.
	 ////  ////  ////
	14

	40 - 49.
	 ////  ////  ////  //
	17

	50 - 59.
	 ////  ///
	8

	60 - 70
	 ///
	3

	 
	 n = ∑ f  =  50
	 


When calculating the mean from a frequency distribution with grouped data, the central value, xm, of the class is taken as the x value in forming the product x.f. So, for the frequency distribution above x = 

Because n  =  ∑ f  =  50  and  ∑ xm . f  =  2070    Therefore,  x  =  ∑  x . f  = 2070 =  41.4










  n
   50

Questions

The following table shows the weights of parcels posted by a distribution company on a particular day:

	Weight (in kg)
	0 - 2
	2 - 4
	4 - 6
	6 - 8
	8 - 10

	No. of parcels
	6
	12
	20
	48
	14


Calculate the mean of the above distribution.

Fifty orange boxes were examined and the number of bad oranges in each box was recorded. The results are given in the following table:

	 No. of bad oranges per box
	0 - 4
	5 - 9
	10 - 14
	15 - 24

	 No. of boxes
	32
	8
	7
	3


Find the mean number of bad oranges per box.

Median
Another measure of central tendency is the median, which is the value of the middle term when all the observations are arranged in ascending or descending order.

For example, with 4, 7, 8, 9, 12, 15, 26, the median = 9.

Where there is an even number of values, the median is then the average of the two middle terms, e.g. 5, 6, 10, 12, 14, 17, 23, 30 has a median of 12 + 14 = 13.









        2

Similarly, for the set of values 13, 4, 18, 23, 9, 16, 18, 10, 20, 6 the median is …14.5

Mode

The mode of a set of data is that value of the variable that occurs most often. For instance, in the set of values 2, 2, 6, 7, 7, 7, 10, 13, the mode is clearly 7. There could, of course, be more than one mode in a set of observations, e.g. 23, 25, 25, 25, 27, 217, 28, 28, 28, has two modes, 25 and 28, each of which appears three times.

Questions

Calculate the median for the following sets of data.

a) 11, 11, 11, 11, 11, 11, 11, 10

b) 14, 3, 78, 5, 6, 3, 3, 27

c) 1, 2, 3, 4, 5, 6

Calculate the mode for the following sets of data.

a) 2, 3, 3, 4, 4, 6, 6, 6

b) 151, 156, 151, 171, 187, 188, 189, 156, 165, 171, 151

c) 11, 11, 11, 12, 12, 12, 12, 13, 13, 14, 15, 15, 16, 17, 17, 17

Explain the Meaning of the Measures of Spread, Range and Standard Deviation

Range

Range (R) is the difference between the smallest and largest values. For example, if my data are as follows; 1.7, 2.1, 1.9, 1.6, 2.2, then R = 2.2 – 1.6 = 0.6.

· Advantages of Range are that it is easy to compute and understand.

· Disadvantages are that it is based on only two sample values, and is sensitive to outliers.

· Defective data, R = 8 – 0 = 8

· Lengths R = 74.03 – 73.967 = 0.063.

Questions

Calculate the range of the following sets of data.

a) 22.8, 23.1, 21.9, 21.3, 22.2, 22.5, 21.6, 22.5, 22.8

b) 18, 12, 6, 10, 3, 5, 16

c) -9, 18, 0, 18, -10, 0, 24, -10

Standard Deviation (S.D.) / Spread

S.D. is the most commonly used statistical technique.

(a)

1.6

1.7

1.9

2.1

2.2  :  x = 1.9

(b)



          1.8 1.85 1.9 1.95 2.0


       :  x = 1.9

Although the above two data sets have the same mean, do you think there is a difference between the data sets? What other kind of statistical analysis could you use to highlight that the above two data sets are different. The average distance from the centre, perhaps? This however, is always zero. For example, as in (a) above, xi –  x = -0.3, -0.2, 0, 0.2, 0.3. Average = 1/5 (-0.3 –0.2 +0 +0.2 +0.3) = 0

The Standard Deviation from the mean is used widely in statistics to indicate the degree of dispersion. It takes into account the deviation of every value from the mean and it is found as follows:

a) The mean x of the set of n values is first calculated.

b) The deviation of each of these n values, x1, x2, x3, …., xn from the mean is calculated and the results squared, i.e. (x1 – x)2; (x2 – x) 2; (x3 – x) 2; …; (xn – x) 2
c) The average of these results is then found and the result is called the variance of the set of observations,

d) i.e. variance = . (x1 – x)2 + (x2 – x) 2 + (x3 – x) 2 + …+ (xn – x) 2 
i. n

e) The square root of the variance gives the standard deviation, denoted by the Greek letter ‘sigma’

f) Standard deviation  =  Ơ = √ ∑ (x – x)2
n

So, for the set of values 3, 6, 7, 8, 11, 13, the mean x = 8.0, and the standard deviation Ơ = 3.27.

Example
Find the standard deviation of the following frequency distribution:

	Variable (x)
	1
	2
	3
	4
	5
	6

	Frequency (f)
	9
	9
	6
	4
	7
	3


The mean x =   9 * 1 + 9 * 2 + 6 * 3 + 4 * 4 + 7 * 5 + 3 * 6

    9 + 9 +6 + 4 + 7 + 3


= 114 / 38

= 3

We will set out the remainder of the work as follows:

	x
	(x - x)2
	f
	f(x - x)2

	1
	4
	9
	36

	2
	1
	9
	9

	3
	0
	6
	0

	4
	1
	4
	4

	5
	4
	7
	28

	6
	9
	3
	27

	 
	 
	f = 38
	f(x - x)2 = 104


Ơ = √ ∑ f(x – x)2

√104 / 38 = 1.65

               ∑ f
Questions

Calculate the standard deviation for the following ungrouped data sets.

(i) 3, 6, 7, 9, 10

(ii) 3, 5, 8, 9, 10

(iii) 2, 4, 6, 8, 10

(iv) 1, 3, 4, 6, 10, 12

Verify that 10 is the mean of the given frequency distribution. Hence, calculate the standard deviation correct to 2 decimal places.

	x
	7
	8
	9
	10
	11
	12
	13

	f
	1
	3
	5
	7
	5
	3
	1


Question

Calculate the standard deviation for the following grouped data set.

The lengths of 70 bars were measured and the following frequency distribution obtained:

	Length x (mm)
	21.2 - 21.4
	21.5 - 21.7
	21.8 - 22.0
	22.1 - 22.3
	22.4 - 22.6
	22.7 - 22.9
	23.0 - 23.2

	Frequency f
	3
	5
	10
	16
	18
	12
	6


Questions

Contrast two sets of data using their means and standard deviations

Data set No. 1:

12.7, 13.4, 15.7, 16.9, 16.9, 17.1, 17.4, 17.5, 19.1

Data set No. 2:

1.1, 2.7, 4.3, 8.9, 10.3, 11.7, 13.1, 14.0, 80.6

Question

The following were the numbers of non-conforming items discovered during final inspection of 100 batches of a particular assembly – the batch size is 500.

	46
	52
	39
	43
	69
	31
	53
	52
	68
	17

	6
	64
	25
	88
	67
	85
	57
	60
	76
	60

	60
	73
	68
	66
	58
	96
	67
	94
	41
	60

	11
	38
	70
	82
	40
	94
	8
	86
	105
	65

	79
	65
	88
	54
	51
	114
	59
	93
	64
	31

	66
	68
	37
	109
	67
	59
	60
	62
	41
	50

	78
	97
	78
	55
	74
	67
	22
	40
	100
	27

	20
	44
	62
	72
	49
	82
	54
	73
	68
	38

	74
	75
	57
	86
	31
	82
	69
	51
	53
	63

	49
	70
	62
	46
	69
	36
	65
	83
	78
	19


Use a ‘tally diagram’ to prepare a 12-class frequency table from this data.

By referencing the frequency table, calculate:

(a) The mean and standard deviation of the recorded data.

(b) Calculate the range, mean and mode of the recorded data.

Question

For the frequency table given below, find


(i) the mode
(ii) the mean
(iii) the median

	Number
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Frequency
	1
	2
	0
	0
	1
	2
	1
	4
	1
	1
	1



Name: 


Equations


Mean = x =        ∑ x   =   ∑ x . f

                         n           ∑  f

Standard Deviation  =  Ơ =                     ∑ (x – x)2
   n

 Ơ =             ∑ f(x – x)2
  ∑ f
Question 1

The following table givers the number of points scored by a rugby team in 40 matches:

	Points scored
	0-4
	5-9
	10-14
	15-19
	20-24

	No. of matches
	3
	9
	15
	10
	3


Estimate the mean number of points scored per match.

Question 2

Verify that 10 is the mean of the given frequency distribution. Hence calculate the standard deviation correct to 2 decimal places.

	x
	7
	8
	9
	10
	11
	12
	13

	f
	1
	3
	5
	7
	5
	3
	1


Question 3

The numbers 7, 5, 13, 5, 13, 4, 1, x, y have mean 8 and mode 5. Find the values of x and y.

Question 4

Decide whether each of the following is a discrete or continuous variable.

a) The number of people in a room.

b) The mean height of those people in the room.

c) The area of the room.

d) The area of the room to the nearest 10m2.

Question 5.

The hours of sunshine per day were recorded at a seaside resort over a period of 50 days. The results were as follows:

	Hours of sunshine per day
	5
	6
	7
	8
	9
	10
	11

	No. of days
	6
	11
	9
	8
	7
	5
	4


i. Draw a histogram to illustrate this distribution.

ii. Write down the modal number of hours of sunshine per day.

iii. Calculate the mean hours of sunshine per day.

Answers
Question 1
Question 2

Question 3

Question 4

12.125

1.44


5, 19


(a)    Discrete

(b) Continuous

(c) Continuous

(d) Discrete

Question 5
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7.6

Measure Probabilities on a scale from 0 to 1 and assign meanings to points on this scale.

Single Events

When a coin is tossed we know that it is just as likely to come down ‘heads’ as ‘tails’. We say that there is a 50 – 50 chance of showing ‘heads’. So if a coin is tossed ten times, for example, we ‘expect’ to get heads on five of these tosses. Of course this does not always happen. We may get 6 heads and 4 tails or 7 heads and 3 tails.

Now toss a coin 20 times and record the number of harps you get. In general, the greater the number of times you toss a coin the closer you will get to your ‘expected’ result. In an experiment at the beginning of the last century a statistician named Karl Pearson tossed a coin 24,000 times and got 12,012 heads. This, as you can see is very close to the ‘expected’ value of 12,000.

Thus when tossing a coin, we have one chance in two of obtaining a head. Expressing this in a more formal way we say:




The probability of obtaining a head (H) is 1/2
We write this as P (H) = 1/2
Similarly, when a die is thrown, we are equally likely of getting any one of the numbers 1, 2, 3, 4, 5, 6. That is, we have one chance in six of obtaining the number 2, for example,

=> P (2) = 1/6
Example 1

If a card is drawn 200 times from a well shuffled pack of 52. How many of the cards drawn would you expect to be hearts?

1/4 of the cards are hearts. So we expect hearts on 1/4 of 200 occasions i.e. 50 hearts.



Notes:
   1. The probability of any event E cannot be less than 0 or greater than 1,

 i.e., 0 ≤ P (E) ≤ 1

   2. The probability of a certainty is 1.

   3. The probability of impossibility is 0.

Example 2

If a card is drawn from a pack of 52, find the probability that it is

(i) a king
(ii) a spade
(iii) a red card

(i) There are 4 kings in the pack  => P (king) = 4/52 = 1/13
(ii) There are 13 spades in the pack  => P (spade) = 13/52 = ¼

(iii) There are 26 red cards  => P (red card) = 26/52 = ½

Questions

Make out a sample space to show all the possible outcomes when two dice are thrown. Use this to write down the probability that,

i. The sum of the two numbers is 3

ii. The sum of the two numbers is 9

iii. An even number appears on both dice

iv. The sum of the two numbers is 10 or more

v. An odd number greater than 1 appears on both dice

vi. The difference between the two numbers is 1

A, B, and C are horses equally likely to win a 3-horse race. List all the ways in which the horses can finish, assuming that all the horses finish the race and that there is no dead-heat.

(i)    What is the probability that the horses finish in the order A, B and C?

(ii)   What is the probability that A wins?

If I throw a die, what is the probability that I get?

(i) 5
(ii) an odd number
(iii)
 a multiple of 3?

A bag contains 5 red beads, 4 black beads and 3 green beads. If one bead is drawn at random from the bag, find the probability that 

(i) the bead is red
(ii) the bead is green

In a casino a pointer is spun and you win the amount shown in the sector where it comes to rest. Assuming that the pointer is equally likely to come to rest in any sector, what is the probability that you win?

(i) some money

    (ii) 5 Euros



0
10

(iii) no money

    (iv) more than 5 Euros           

(v) at least 5 Euros?




     5

        0










     20                       1










  0         5

The Probability that an Event does not occur


Example

The probability of drawing a spade from a pack of 52 cards is 13/52 = ¼.

Therefore, the probability of not drawing a spade from a deck of 52 is 1 – ¼ = ¾.

Mutually Exclusive Events – Events A or B

Consider the following two events when drawing a card from a pack of 52:

A: drawing an ace

B: drawing a king

These events cannot occur together and are said to be mutually exclusive. If A and B are events that cannot occur together, then


Example 1
A number is selected at random from the numbers 1 – 30 inclusive. Find the probability that it will be either a multiple of 7 or a multiple of 8.

The multiples of 7 are 7, 14, 21, and 28.

The multiples of 8 are 8, 16, and 24.

These events cannot occur together (i.e., they are mutually exclusive).

· P (multiple of 7 or multiple of 8)

· = P (multiple of 7)  +  P (multiple of 8)

· = 4/30  +  3/30  =  7/30
Note: If three events A, B and C cannot occur together, then

P (A or B or C)  =  P (A)  +  P (B)  +  P (C)
Example 2

The names Andrew, Barry, Christine and Diana are put in a hat to select two representatives for a competition. Make a list of all the possible pairs of names that could be drawn from the hat. (Use the capital letters A, B, C and D for these names and note that AB is the same as BA.)

Set out a sample space giving all the possible outcomes.

AB, AC, AD, BA, BC, BD, CA, CB, CD, DA, DB and DC. However, AB = BA etc. Therefore, we have to remove BA, CA, CB, DA and DC as they have already been declared. We are then left with a sample space of AB, AC, AD, BC, BD and CD. Therefore there are 6 possible pairs.

What is the probability of drawing?


(i)    Andrew and Barry?

        (ii)   A boy and a girl?


(iii)  A pair which includes Diana?
        (iv)  A pair that does not include Barry?

(i) = P(AB) = number of favourable outcomes in E
    = 1
                           number of possible outcomes
       6

(ii) = P (AC) or P (AD) or P (BC) or P (BD) = 4/6 = 2/3.

(iii) = P (AD) or P (BD) or P (CD) = 3/6 = ½.

(iv) = P (AC) or P (AD) or P (CD) = 3/6 = ½.

Events that are not Mutually Exclusive

If an event consists of selecting an ace or a heart from a pack of 52 cards, then

P (ace) = 4/52 and P (heart) = 13/52

However, the number of aces or hearts in a pack of cards is 16 (and not 17, i.e. 13 + 4), because of the 13 hearts and 4 aces, one card is the ace of hearts.

=> P (ace or heart) is not equal to P (ace) + P (heart)

In general, when two events A and B can occur at the same time, then


Questions

A card is drawn at random from a pack of 52. What is the probability that the card is

i. A club

ii. A king

iii. A club or a king

iv. A red card

v. A queen

vi. A red card or a queen

vii. A red card and a queen?

The letters of the word EXERCISES are written on 9 cards and placed in a box. If a card is drawn at random, what is the probability that the letter on the card is

i. The letter E
ii. A vowel

iii. Not the letter X
iv. The letter C or the letter E
v. The letter X and C?

Events A AND B – The Multiplication Rule

If a coin is tossed twice, the result of the first toss has no bearing on the outcome of the second. The two tosses of the coin are said to be independent events.

The sample space for tossing a coin twice is  {HH, HT, TH, TT}

The probability of getting 2 heads is ¼. However, since each trial is independent of the other, we know that the probability of getting a head on the first toss of the coin is ½ and the probability of getting a head on the second toss is also ½.

Multiplying the two probabilities we get ½ * ½  =  ¼.

This is the same answer that was found above by using a sample space. This illustrates the multiplication law of probability, which states that 

Probability of A and B occurring = prob. of A occurring * prob. of B occurring


Example

When two dice are thrown, what is the probability of getting 2 sixes?

The probability of getting a 6 with the first die = 1/6
The probability of getting a 6 with the second die = 1/6
=> P(2 sixes) = 1/6  * 1/6  =  1/36.

What if more than two events occur, e.g. what is the probability of getting 5 heads in succession:  =  ½ * ½ * ½ * ½ * ½  = 1/32
Events which are not Independent

For example, if a card is drawn from a pack of 52 and not replaced, the probability of drawing a king is 1/13. Assuming that the first card is a king, the probability of drawing a king on the second card is 3/51, since there are only 3 kings left and 51 cards left.

Therefore the probability of drawing a king on both cards is  1/13 * 3/51  =  1/221
Example

A box contains 6 black discs, 4 white discs and 2 green discs. A disc is removed at random and not replaced. A second disc is then removed. Find the probability that

(i)   Both discs are black

(ii)  The first is white and the second is green

(i)  There are 12 discs in the bag.

P (1st black) = 6/12 = ½

P (2nd black) = 5/11, provided the first was black.

P (both black) = ½ * 5/11 = 5/22
(ii)       P (1st white) = 4/12 = 1/3
P (2nd green) = 2/11, provided the first was white

P (1st white and 2nd green) = 1/3 * 2/11  =  2/33
Questions

A coin is tossed twice. What is the probability of getting

(i)  2 heads

(ii)  A head on the first and a tail on the second?

A coin is tossed and a die is thrown. What is the probability of getting

(i)  A head and a 6
(ii)  A tail and an even number

(iii)  A head and a multiple of 3?

A bag contains 7 red sweets and 3 yellow sweets. Jane takes a sweet at random and eats it. Barry then also takes a sweet at random. Find the probability that both sweets are

(i)  red

(ii)  yellow

(iii)  Find the probability that the first is yellow and the second is red.

A box contains 12 tickets numbered 1 to 12. An event consists of picking at random a ticket from the box and throwing a die.

(i) Find the probability of getting 3 on the ticket and 6 on the die.

(ii) Find the probability of getting the same number on the ticket and on the die.

Use the Fundamental Principle of Counting to count Permutations and Combinations

In general, if one thing can be done in x different ways and, when this is done in any of these ways, a second thing can be done in y different ways, then the two things in succession can be done in xy different ways. This is generally referred to as the fundamental principle of counting.

Permutations

Suppose we have a certain number of objects. A permutation is an arrangement of all or some of these in order. For example, consider the letters a, b and c. The permutations of these letters are 

abc      acb      bac      bca      cab      cba

Depending on the type of permutation (i.e. whether or not repetitions are allowed, how many objects are we arranging, whether or not any of the objects are identical etc.), we have different formulae for the number of permutations.

Example 1
If there are 4 different candidates for chairperson and 3 candidates for secretary, then the two offices may be filled in 4 * 3 = 12 different ways.

Example 2

How many 3-digit numbers can be formed from the digits 4, 5, 6, 7, 8, 9, if each digit is used once only?

If we take a ‘box’ for each digit as shown, then the first ‘box’ can be filled in 6 ways, the second in 5 ways and the third in 4 ways. => The number of 3 digit numbers is 6*5*4 = 120.

Example 3

Similarly, the number of ways the letters A, B, C and D can be arranged in a row is found as follows:

The first letter can be selected in 4 ways, the second letter in 3 ways, the third letter in 2 ways and the fourth letter in 1 way. => the number of ways A, B, C and D can be arranged in a row is 4*3*2*1 = 24 ways.

Questions

1. Find the number of ways of arranging:

2. 5 different hats on 5 pegs.

3. 9 different flags, one above another.

4. 7 different coloured electric bulbs in 7 sockets.

5. 6 different coins in a row.

6. In how many ways may the letters of the word PHOENIX be arranged if each letter is used only once in each arrangement?

7. In how many ways can 9 boys be arranged in line if the tallest must be at the left hand end?

8. How many four-letter arrangements can be made from the letters ABCDEF?

9. An examination paper has six questions but only four are to be answered. In how many ways can the answers be arranged?

10. How many five-letter arrangements are possible from the letters PQRSTUVW, and how many of these end in V?

More Questions

11. How many permutations of the letters MODERN have vowels in the second and third positions?

12. How many permutations of the letters EQUINOX are there, and how many of these end in a consonant.

13. How many numbers greater than 5000 can be formed by using some or all the digits 7, 6, 5, 4, 3 without repetition?

14. If repetitions are not permitted, (i) how many three-digit numbers can be formed from the six digits 2, 3, 5, 6, 7 and 9? (ii) How many of these are less than 400? (iii) How many are even? (iv) How many are odd? (v) how many are multiples of 5?

Factorial Notation

In the example above it was found that there are 4*3*2*1 ways of arranging the letters A, B, C and D in a row. We use the notation 4! to represent 4*3*2*1, that is the product of all the natural numbers up to and including 4.

Similarly 5! = 120,
6! = 720,
7! = 5,040.

In general n! = n(n-1)(n-2) …… 3*2*1

Example 4

How many six-digit numbers can be made from the integers 1, 2, 3, 4, 5, 6 using all the digits in each number?

The 6 digits can be arranged in 6! ways = 720 numbers.

Example 5

In how many ways can the letters A, B, C, D, E be arranged in a row if D can never be first?

Since, D cannot be first, the first ‘box’ can be filled in 4 ways, the second ‘box’ in 4 ways (since D can now be included), the third in 3 ways, the fourth in 2 ways and the fifth in one way.   => the number of ways is 4*4*3*2*1  =  96 ways.

Permutations of items when some are alike

If we arrange the letters of the word ADD we have the following:

ADD,      DDA,      DAD

Notice that there are 3 permutations since the 2Ds cannot be distinguished from each other. The result is obtained by finding the value of 3!/2!, that is the number of permutations of 3 objects when 2 are alike.


Remember
Example 1

In how many ways can the letters of the word ADDRESS be arranged? There are 7 letters in the word, of which 2 are Ds and 2 are Ss  =>  the number of arrangements  =  7!/2!2!
=
 7*6*5*4*3*2*1

= 1260

      2*1*2*1

Questions

Write down the value of each of the following:

(i)  3!

(ii)  5!

(iii)  2!4!

(iv)  6*5!

(v)  6! / 4!2!
(vi)  3! + 4!
(vii)  9! / 8!

Six horses run in a race. Assuming that all the horses finish and that there is no dead-heat,

(ii) in how many ways can the horses finish the race?

(iii) In how many ways can the first three places be filled?

Combinations
A group or selection of objects from a given set without regard to the order is called a combination.

If we take the letters A, B, C, D and select different groups of 2 letters we have AB, AC, AD, BC, BD, CD i.e. 6 groups. (The group AB is the same as BA since the order does not matter). We use the notation (  ) to denote the number of ways two objects can be selected from four objects. This is read as 4C2.



The numerical value of (   ) is 4*3     = 2 terms in the product





 1*2     = 2!


Similarly
(i)
(   )   =  6*5*4   =  20




             1*2*3



(ii)
(   )   =  8*7*6*5   =  70





 1*2*3*4


In general, (   ) is the number of ways r objects can be selected from n objects.



Remember   

Questions

Evaluate each of the following:


(i)  (    )
(ii)   (   )
(iii)  (   )
(iv)   (     )

A student has to select six subjects for the Leaving Certificate course from twelve subjects being offered in the school. In how many ways can this be done?

A lotto game consists of selecting any six of the numbers 1 to 36. In how many ways can these numbers be selected?

From a committee of 6 men and 4 women, in how many ways can a sub-committee of 4 persons be chosen?

How many subcommittees of 4 can be chosen if a certain person is to be included in each selection?

25�
26�
26�
27�
27�
27�
27�
28�
28�
28�
�
28�
28�
28�
28�
29�
29�
29�
29�
29�
29�
�
30�
30�
30�
30�
30�
31�
31�
31�
32�
32�
�






The number of occasions on which any particular value occurs is called its frequency, denoted by the symbol f.





30, the total number of readings





(a) and (c) are discrete; (b), (d) and (e) are continuous





It is usual to denote the variable by x and the frequency by f. The right-hand column gives the frequency distribution of the values of the variable.
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Hours of sunshine per day








P (E)  =  number of favourable outcomes in E


             number of possible outcomes








P (E not occurring)  = 1 – P (E)





P (A or B)  =  P (A)  +  P(B)





P (A or B)  =  P(A) + P(B) – P(A and B)





P (A and B)  =  P(A)  *  P(B)
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The number of permutations of m objects, of which n are alike, is given by m!/n!.
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In general, we use the notation nCr or (   ), both read ncr, to represent the number of possible combinations of r objects out of n different objects.
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(   ) is the number of ways r objects can be selected from n objects. The value of  (   )  =  n(n - 1) … to r terms
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