Graphs, Functions and Rates

Construct simple graphs in the co-ordinate plane showing the relationship between two variables.

Function Notation

Function notation is used to name functions for easy reference. Imagine if every function in the world had to start off with y =. Pretty soon, you would become confused about which y = you were talking about. This is the way antecedents work in English. If you just say "it" is red, you really don't have any clue which "it" you're talking about. You need some other way of naming things. Enter function notation.

Function Definition
f(x) = 3x + 2

g(x, y) = x2 + 3y
In this example, the f is a function of x. That is, x is the independent variable, and the value of f depends on what x is. Also, g is a function of both x and y. The notation f(x) does not mean f times x. It means the "value of f evaluated at x" or "value of f at x" or simply "f of x".

Function Evaluation
f(3) = 3(3) + 2 = 9 + 2 = 11

f(3) does not mean f times 3. It means the "value of f evaluated when x is 3".

f(t) = 3(t) + 2 = 3t + 2

Whatever is in parentheses on the left side of the function (t in this case) is substituted for the value of the independent variable on the right side.

f(x + h) = 3(x + h) + 2 = 3x + 3h + 2

Every occurrence of the independent variable is replaced by the quantity in parentheses. A common mistake is to take a quantity and apply linear transformations to it.

f(x + h) does not equal  f(x) + h = 3x + 2 + h
f(x + h) does not equal  f(x) + f(h) = 3x+2 + 3h + 2 = 3x + 3h + 4

It does equal   3(x + h) + 2 = 3x + 3h + 2

f(3x)  does not equal  3 * f(x) = 3( 3x+2) = 9x + 6

It does equal   3(3x) + 2 = 9x + 2

You also specify which function you want to use when you use function notation. Consider:
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g(2, 1) = 22 + 3(1) = 4 + 3 = 7

Since the order of the independent variables in the original definition was x and then y, the function g is evaluated when x = 2 and y = 1.

The notation y = f(x) means: ‘the value of y depends on the value of x, according to some rule’. Hence, y and f(x) are interchangeable and the Y axis can also be called the f(x) axis.
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Graphing Linear Functions

A linear function is usually given in the form f:x → ax + b, where a ≠ 0, and a, b are constants (→ reads: ‘is mapped on to’). The graph of a linear function is a straight line. Hence, two points are all that are needed to graph it.

Method

· Choose two suitable values of x, in the given domain.

· Substitute these into the function to find the two corresponding values of y.

· Plot the points and draw the line through them.

Example

Graph the function g : x → 2x + 1, in the domain –3 ≤  x ≤  2, x  Є R.

Solution

Let y = g(x) => y = 2x + 1.

Let x = -3 and x = 2

y = 2x + 1











Questions

Graph each of the following functions in the given domain (x Є R in each case):

1. f : x → x + 3 in the domain –4 ≤ x ≤ 2

2. g : x → x –2 in the domain –3 ≤ x ≤ 3

3. h: x → 2x + 3 in the domain –2 ≤ x ≤ 4

4. g : x → 3x –2 in the domain –3 ≤ x ≤ 5

5. f : x → 5x + 1 in the domain –4 ≤ x ≤ 2

What are the domain and range of each graph?

What are the minimum and maximum values of each graph?

Definitions

Function A function is a relation (rule) that assigns each element in the domain to exactly one element in the range.

Domain The set of all the values that may be input into a function. That is, the set of all the values the independent variable may assume. Graphically, the domain is the set of all the x co-ordinates.
Range The set of all the values that are output when the function is evaluated at all the input values from the domain. That is, the set of all the values the dependent variable may assume. Graphically, the range is the set of all the y co-ordinates.

Graphing Quadratic Functions

A quadratic function is usually given in the form f : x → ax2 + bx + c, a ≠ 0, and a, b, c are constants. To draw a quadratic function a table is drawn using the given values of x to find the corresponding values of y. These points are plotted and joined by a smooth curve.


Note: Decide where to draw the X and Y axes by looking at the table to see what the largest and smallest values of x and y is. In general, the units on the X axis are larger than the units on the Y axis. Try to make sure that the graph extends almost the whole width and length of the page.

Example

Graph the function

f : x → x2 + 3x – 2, in the domain –5 ≤ x ≤ 2, x Є R

Solution

A table is drawn with the given values of x, from –5 to 4, to find the corresponding values of y.

Let y = f(x) => y = x2 + 3x -2

	x
	x2 + 3x -2
	y

	-5
	25 – 15 – 2
	8

	-4
	16 – 12 – 2
	2

	-3
	9 – 9 – 2
	-2


	-2
	4 – 6 – 2
	-4

	-1
	1 – 3 – 2
	-4

	0
	0 + 0 – 2
	-2

	1
	1 + 3 – 2
	2

	2
	4 + 6 – 2
	8
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Questions

Graph each of the following functions in the given domain (x Є R in each case):

f : x → x2 – 3x + 2 in the domain –1 ≤ x ≤ 4.

f : x → x2 – 2x –3 in the domain –2 ≤ x ≤ 4.

f : x → x2 +2x –8 in the domain –5 ≤ x ≤ 3.

g : x → 2x2 – 3x –8 in the domain –3 ≤ x ≤ 4.

h : x → 2x2 – x –3 in the domain –2 ≤ x ≤ 3.

What are the domain and range of each graph?

What are the minimum and maximum values of each graph?

Trigonometric Graphs
Graph and analyse the functions y = sin x.

Consider the function

f: [image: image2.png]


 → [image: image3.png]


; x → sin x

The set of reals is denoted by  [image: image4.png]


.
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    (in this case π and √3 are irrational)
A function is a mathematical relation such that each element of one set is associated with at least one element of another set.

By preparing a table of values, we can plot the graph of  y = f(x) = sin x
for -2π ≤ x ≤ 2π

	x
	-2π
	-3π/2
	-π
	-π/2
	0
	π/2
	π
	3π/2
	2π

	y = sin x
	0
	1
	0
	-1
	0
	1
	0
	-1
	0


Thus, the following set of points belongs to the curve y = sin x:

{(-2π, 0), (-3π/2, 1), (-π, 0), (-π/2, -1), (0, 0), (π/2, 1), (π, 0), (3π/2, -1), (2π, 0)}
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(see also Google: y = sin x)
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We must notice certain features of the graph.

1. The graph is smooth, i.e. there are no sharp points. It is rounded at the top and at the bottom. This could easily be verified by taking many more values of x between those already taken.

2. The range of the function, i.e. the interval from the lowest y-value to the greatest y-value is [-1, 1]. Thus

-1 ≤ sin x ≤ 1, for all x

3. The graph follows a regular pattern, so we could easily have extended it in either direction by continuing this pattern.


In fact the graph maybe considered

to be a row of the ‘building blocks’ shown on the right, continued to infinity in each direction.

A graph, which has this property, is said to be periodic, and the period is the horizontal length of the building block. It is clear from the graph that the period of


Question

Graph and analyse the functions y = cos x and y = tan x.
What is the periodicity of each graph?

What are the domain and range of each graph?

What are the minimum and maximum values of each graph?

Derive the Inverse of a Function from its algebraic expression in simple cases

Notation

The inverse of the function f is denoted by f -1 and is pronounced "f inverse". Although the inverse of a function looks like you're raising the function to the -1 power, it isn't. The inverse of a function does not mean the reciprocal of the function f, i.e. 1/f.

Inverses

A function normally tells you what y is if you know what x is. The inverse of a function will tell you what x had to be to get that value of y. A function f -1 is the inverse of f if;

· for every x in the domain of f,  f-1[f(x)] = x, and,

· for every x in the domain of f -1,  f[f-1(x)] = x
The domain of f is the range of f -1 and the range of f is the domain of f -1.

Therefore, the process of generating the output of a function is assumed to be reversible so that what has been constructed can be de-constructed. The effect can be described by reversing the flow of information so that;

If your original function was y = f(x) = x + 5

Then the inverse is f –1 (x)  = x – 5

So the flow is reversed by making the output the input and retrieving the original input as the new output. The reverse process is different because instead of adding 5 to the input, 5 is now subtracted from the input. The rule that describes the reversed process is called the inverse of the function and is labelled as f –1. That is:

f –1 (x)  = x – 5


The inverses of the arithmetic operations are just what you would expect.


Addition and subtraction are inverses of each other


Multiplication and division are inverses of each other


Raising the power k and raising the power 1/k are inverses of each other

Examples

Find f –1(x) in each of the following cases:

1. f(x) = 6x
2. f(x) = x3
3. f(x) = x/2
Answers:
(1). f –1 (x) = x/6.
(2). f –1 (x) = x1/3 
(3). f –1 (x) = 2x
Question

Now can you think of two functions that are each identical to their inverse?

Answer

f(x) = x  and  f(x) = 1/x
Because the function with output f(x) = x does not alter the input at all (x = y, e.g. when the input is 6, x = 6, then the output is 6, i.e. y = 6) so the inverse does not either, and the function with the output f(x) = 1/x is its own inverse because the reciprocal of the reciprocal of a number is the number:



   1/x
Graph of the Inverse Function

The inverse of a function differs from the function in that all the x co-ordinates and y co-ordinates have been switched. That is, if (4, 6) is a point on the graph of the function, then (6, 4) is a point on the graph of the inverse function. Therefore, the graph of a function and its inverse are mirror images of each other. They are reflected about the identity function y = x.

The diagram of the inverse of a function can be drawn by reversing the flow of information and this is the same as interchanging the contents of each ordered pair generated by the function. As a result, when the ordered pairs generated by the inverse of a function are plotted, the graph takes up the shape of the original function but reflected in the line y = x.  For example, plot y = x3 and its inverse, y = x1/3.








Questions

Draw each of the following functions and their inverse.

y = x6
y = -3x
y = 2x + 6

Use various associated formulae, e.g. point slope and two point formulae, gradient and distance between two points.

If (x1, y1) and (x2, y2) are two points, the distance between them is given by the formula:


D =  √(x2 – x1)2 + (y2 – y1)2
Example

Find the distance between the points (5, 2) and (8, 6).

 (5, 2)
        (8, 6)

(x1, y1) and (x2, y2)


D =  √(x2 – x1)2 + (y2 – y1)2

   =  √ (8 – 5)2 + (6 – 2)2

   =  √ (3)2 + (4)2


   =  √9 + 16


   =  √25   =  5

Questions

Find the distance between the following pairs of points:

(2, 0) and (5, 0)

(-7, -2) and (-1, -4)

(3, -6) and (-3, -4)

Slope of a Line

If a line contains the two points (x1, y1) and (x2, y2), then the slope of the line is given by the formula:

m = 

Notes:

The letter m is usually used to denote the slope of a line.

If θ is the angle the line makes with the positive sense of the X axis, then m = tan θ (or θ = tan-1m).






Example

a) Find the slope of the line containing the points (-2, 5) and (3, 8).

b) A line K has a slope 4/5, find the angle which K makes with the positive sense of the X axis.

c) A line L makes an angle of 60˚ with the positive sense of the X axis. Find the slope of L, correct to two decimal places.

(a)

x1 = -2, y1 = 5

x2 = 3, y2 = 8



(b)

     tan θ = m
=> tan θ = 4/5
=> θ = tan-1 4/5
=> θ = 38˚ 40’

(c)

     m = tan θ
=> m = tan 60˚

=> m = 1.73 (correct to two decimal places)

Questions

Find the slope of the line containing the given pair of points:

(1, 2) and (4, 5)

(-3, -6) and (-5, -4)

(2, 0) and (10, 8)

(0, 0) and (3, 5)

Recognise the Equation of a Straight Line (y = mx + c) and Derive information form the Equation

To find the slope of a line when given its equation, we do the following:

Method 1


Get y on its own and then the number in front of x is the slope.

Note:
The number in front of the x is called the coefficient of x.


In short, write the line in the form:


y =  mx   +   c


y =  (slope)x  +  (where the line cuts the Y axis)

Method 2


If the line is in the form ax + by + c = 0, then a/b is the slope



   number in front of y
Note: 
When using this method, make sure every term is on the left hand side in the given equation of the line.

Questions

Find the slope of each of the following lines, and detail where the line cuts the Y axis.

1. 2x + y + 7 = 0

2. 3x – y – 2 = 0

3. 4x – 2y – 8 = 0

4. 2x + 3y – 15 = 0

5. 7x – 10y – 11 = 0

Equation of a Line

To find the equation of a line we need:

1. The slope of the line, m

2. A point on the line, (x1, y1)


Then use the formula:

(y – y1) = m(x – x1)

In short we need the slope (m) and a point (x1, y1).

Questions

Find the equation of each of the following lines:

Containing (4, 1) with slope 2

Containing (-1, -4) with slope 3

Containing (0, -2) with slope –1.

Containing (4, -7) with slope 3/5.

Containing (-3, -1) with slope – 4/3.

To find the equation of a line we need the slope and one point in the line. However, in many questions one, or both, of these are missing.

Questions

Find the equation of the line containing the given pair of points:

1. (2, 5) and (6, 9)

2. (1, 8) and (3, 4)

3. (-6, -1) and (-1, 2)

Linear Inequalities
A linear inequality is the same as a linear equation, except it has an inequality symbol instead of an = symbol. This means that we want to find all numbers that make one side of the expression greater than or less than the other side. As a result we may have more than one number that will make the inequality true. Therefore we will graph our "solution set" on a number line. To solve a linear inequality, we will follow the same steps as when we solve a linear equation, except whenever we multiply or divide the sides by a negative number, we change the direction of the inequality. This is due to the properties of negative numbers: 4 > 2 but -4 < -2.

For example, if we have: -3x < 12, when we divide both sides by -3, we get x > -4.

Example
5x – 3 ≤ 2x + 9

We want to get x by itself. We will start by subtracting 2x from both sides, and then adding 3 to both sides.

5x – 2x - 3 ≤ 9

3x – 3 ≤ 9

3x ≤ 9 + 3

3x ≤ 12

x ≤ 4

Now we can graph this on a number line. Since our inequality is less than or equal to 4, we will start at four with a closed circle (illustrating the equality) and shade toward the smaller numbers (left). The numbers that are shaded are the numbers that will make the inequality true (the solution set).
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Questions

Solve each of the following for x and graph the solution set.

a) 3(x + 2) – 5 ≤ 11 – x
b) 5 + 2x + 3 ≤ 17

c) 2x – 3 ≤ 5

d) 3x + 2 < 1 – 2x
g(x, y) = x2 + 3y








Note: When graphing a function it is very important not to draw the graph outside the given domain (i.e., the given values of x).
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Work out each column separately, i.e. all the x2 terms first, then all the x terms and finally the constant term (watch for patterns in the numbers).


Work out each corresponding value of y.


The only column that changes sign is the x term (middle) column. If the given values of x contain 0, then the x term column will make one sign changes, either from + to – or from – to +, where x = 0.


The other two columns never change sign. They remain either all +’s or all –‘s. These columns keep the sign given in the question.
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The field of all rational and irrational numbers is called the real numbers, or simply the "reals," and denoted � INCLUDEPICTURE "http://mathworld.wolfram.com/rimg1.gif" \* MERGEFORMATINET ���.





y = sin x





y = sin x
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y = sin x is 2π, or 360˚.





Remember: f(x) = y
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In words: slope =
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