Modelling using Mathematics

Problem solving is at the heart of Mathematics at all levels. The ability to apply whatever mathematics we have learned to a variety of different situations e.g. Science, Engineering, Technology, Business, everyday contexts etc. is generally what we mean by problem solving. The ability to apply mathematics is a learned process, which needs specific attention when learners are learning mathematics.

The solution cannot begin until the problem has been translated into appropriate mathematical terms e.g. a formula, an equation, a geometric figure. This is a mathematical model. In this unit we are learning to model and use mathematical models to improve our problem solving skills throughout the whole module.

The mathematical modelling process begins with a problem or situation in the real world, translates it into mathematical terms (mathematical model) which is studied and solved, and then translates back again to see if the solution makes sense in the real world. The process is a cycle that begins in reality and ends in reality. The cycle can be described in a diagram as follows:







Formula: A formula is a statement of equality that expresses a mathematical fact where all the variables, dependent and independent, are well defined. For example, the equation:

A = лr2
Expresses the fact that the area of a circle of radius r is given as лr2.

Example 1 (Simple formulas as models)

1. Building contractors use a simple formula to give estimates for building houses e.g. Cost = (price per sq. metre) * (number of sq. metres).

2. Cooking instructions in cookbooks often give instructions in mathematical terms e.g. Total cooking time = (no. of kg.) * (minutes per kg.) + 10 minutes

Example 2 (Conversion formulas as models)

1. There is a simple formula for converting between Celsius and Fahrenheit e.g.

F = 1.8 °C + 32

2. Convert from km. to miles e.g.

No. of miles = (no. of km.) * (conversion factor).


Example 3 (Growth models)

1. Compound interest is an example of a growth as it applies to money e.g.



S = P     1 + 



When calculating simple interest we use the formula I =                                   ,     where;

I = interest, P = principal, T = time in years and R = rate per cent per annum.

With simple interest the principal is the same each year. However, with compound interest the principal changes each year. When calculating compound interest, work out the simple interest for one year and add this onto the principal to form the principal for the next year. Calculate the simple interest for one year on this new principal and add it on to form the principal for the next year and so on.

For depreciation we multiply by the factor (1 – R/100) for each year.

2. The growth of populations (bacteria in a culture) can be modelled using the compound interest formula (continuous compounding, not just at the end of every year) using the exponential function e.g.


P = P0      e bt

Questions

Simple formulas as models

1. A builder charges €115 per sq. m. when building. Calculate the cost of building a house of 1,750 sq. m.

2. Calculate the total cooking time of a meal that weighs 0.842 kg. if the cooking instructions in your cookbook state:

Cooking duration = (no. of kg.) * (minutes per kg.) + 10 minutes

3. What is the circumference of a circle of radius 3 m.

4. What is the area of a triangle of base 1.2 m. and height 3.8 m.

Conversion formulas as models

1. Next to the Elephant, the White Rhino is the largest land mammal and can weigh up to 3.6 metric tons. What weight is that in stones (1 stone = 14 lbs.)?

2. If Victor Costello weighs 18 ½ stone, how many kilograms (kg) does he weigh?

3. The local swimming pool contains 1,000 gallons of water. How many litres is that?

4. It’s 101 km from Cork to Limerick. What is that in miles?

5. If it’s 22 miles from Tralee to Killarney, how many kilometres is that?

6. A marathon is approximately 26.2 miles long. Convert that to kilometres.

7. Ronan O’Gara is 6ft tall exactly. What is his height in metres?

8. Carrauntoohill is 3,414 ft in height. Convert that to metres.

9. The Croke park pitch is 100 by 150 yards. What size is that in metres2?

10. How many acres in a 15.3 ha. farm?

11. How many metres squared is there 6 acres?

12. If it 18 degrees Celsius today, what is the temperature in Fahrenheit?

Growth models

Calculate the compound interest on each of the following (when necessary, give your answers correct to the nearest cent):

1. €350 invested for 3 years at 10% per annum.

2. €2,500 invested for 3 years at 6% per annum.

3. €6,500 was invested for three years at compound interest. The interest rate for the first year was 5%, for the second year 8% and 12% for the third year. Calculate the total interest earned.

4. A person invests €2,000 at 14% compound interest and withdraws it in two equal annual instalments beginning one year from the date on which it was invested. Find the value of each instalment correct to the nearest cent. (Hint: Let x = one of the instalments.)

5. A sum of money, invested at compound interest, amounts to €7,581.60 after two years at 8% per annum. Calculate the sum invested.

6. Assume bacteria multiply at a rate of 8% per hour, when in a suitable environment. If left unchecked, how many bacteria would you expect to get after 3 days if there were 1,000 bacteria to begin with? We are assuming unlimited resources available and no mortality.

Rays

Example 1

Another example of a mathematical relation which was thought to have physical meaning was Bode's law. This took the sequence 

4, 4+3, 4+6, 4+12, 4+24, 4+48, 4+96, 4+192, ... 

divided by 10 to get 

0.4, 0.7, 1.0, 1.6, 2.8, 5.2, 10.0, 19.6, ... 

Now the distances of the planets Mercury, Venus, Earth, Mars, Jupiter, Saturn from the Sun (taking the distance of the Earth as 1) are 

0.39, 0.72, 1.0, 1.52, -, 5.2, 9.5 

When Ceres and other asteroids were discovered at distance 2.8 it was firmly believed that the next planet would be at distance 19.6. When Uranus was discovered at distance 19.2 it was almost considered that Bode's law was verified by experiment. However, the next planets did not fit well at all into the law, though a few scientists still argue today that Bode's law must be more than a mathematical coincidence and result from a physical cause. 

[On this theory the outer planets have been disturbed since the system was created and there is certainly independent evidence that this has happened.]

http://web.math.fsu.edu/~fusaro/DL/chapter3.html

1. What Is a Model . . . ?   A model of an object, process, or system is a picture or representation of it that preserves relevant properties or relations. A quote from physicist E.W. Hughes in a September 1997 issue of Science News reflects this definition -- "We want to make sure we have the correct picture or model of what is inside the proton . . . "  Most of the charts, graphs and energy diagrams of the first two chapters are models. All the figures in the first two chapters are examples of models.
      Models can be maps, matrices, and even myths.  A map is a representation of the territory.  A table or matrix might represent the pieces of a game board such as chess. The Gorgon Medusa of Greek mythology is a good model of the octopus.
      A (mathematical) model is always relatively more abstract than what it represents. A model and its "target" form a relationship. The target is some object, process, or system.  It is not quite right to treat the term model as a stand-alone noun. We should use the phrase "model of [the target," as in "This map is a good model of the Chesapeake watershed."  Here is our definition --
	 A model of an object, process or system is a relatively more abstract 

	 representation of it that preserves relevant properties and relations.


Do you spot a word that is very unusual for a mathematical definition . . . ?   How about relevant?  This where judgement comes in. This is what makes applied mathematics different from the abstract studies of such subjects as algebra.
     The word model has become increasingly fashionable, a testimonial to its evocative power. We should be aware of attempts to wrap a scientific mantle around some pet notion or product in order to market it, or to make something appear to be more scientific than it actually is. Here are some alternate uses of the term -- 
	 
	Clothes horse
	(Fashion)

	 
	Paradigm
	(Grammar)

	 
	Someone to emulate
	(Social)

	 
	Animal model 
	(Psychology, Medicine)

	 
	Scale (physical) model
	(Engineering) 


The last example, scale model, is very different from the first four because there is a very tight correspondence between a physical model and the target object or process.   Rather than being more abstract than the target, engineers' physical models are usually smaller replicas of the target. It was noted in the Systems chapter that a change of scale can lead to a change in properties. A scale model of a ship or an airplane will have many handling characteristics unlike the target.  Engineers have a clever "dimensional analysis" method to deal with these differences. The section on units, later in this chapter, deals with related but very much simpler aspects of dimensional analysis.
2. Formulation and Interpretation   The target might be a process that we can observe directly although usually it is necessary to work from a verbal description and accompanying data. The first step is to formulate or construct a model of the target.  For example, if we observe responses to various inputs, we might plot the data points. After some mathematical transformations, such as regression analysis, we will give meaning to, or interpret our modified model and check it against the target.
     This reality check might suggest re-formulating the model, followed by a re-interpretation. This cycle makes up the modeling process. Formulation takes us from the concrete to the abstract; interpretation takes us from the abstract to the concrete. A diagram of this process appears in Figure 1.
[image: image1.png]Model Target

(re-)Formulation

(re-)Interpretation

Figure 1 The modeling process




      Like scientific theories, models are used to clarify, to suggest further investigations, and to predict. They also share with scientific theories (and almost everything else) the No free lunch principle. The trade-off for simplicity, structure and generality is the loss of complexity, information and specificity, as shown in this table --
    The Modeling Trade-off       

	 
	Model
	 
	Target

	 
	Simplicity
	 
	Complexity

	 
	Structure
	 
	Information

	 
	Generality
	 
	Specificity


      In chemistry there are many ways to represent chemical compounds. Two methods use simple algebraic notation and simple graphical notation.  Let us look at the four simple hydrocarbon fuels, combinations of Carbon (C) and Hydrogen (H) atoms. These fuels burn in oxygen to form water H2O and carbon dioxide CO2 (a "greenhouse" gas). 
     The algebraic representations are easier to display, so let's look at those first.  Subscripts are used to indicate the number of atoms in the compound.  
	 
	Methane (Natural gas)
	CH4        

	 
	Ethane
	CH4 

	 
	Propane ("Bottled" gas)
	C3H8

	 
	Butane 
	C4 H10


We construct a graphical model by representing Carbon with a large black dot (•) and Hydrogen with a small blue dot (• ) -- 
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	CH4 
	CH4 
	C3H8
	 C4 H10


  Figure 2      
The graphical models tell us about structure (bonding) and also suggest step-by-step generalization.  The algebraic model is more abstract, but notice how compactly it captures the Carbon-Hydrogen pattern, CnH2n+2. 
Exercise 3.1   Construct two models for the fifth hydrocarbon, pentane. 
Exercise 3.2   Come up with three examples of objects, processes, or systems and their models.
3. The Representation of Data   In 1990 there were about 20,000 rhinos left in the world, down from 850,000 in 1910. The other figures re 500,000 in 1930, 220,000 in 1950, and 80,000 in 1970.  Below are three ways to display these data -- a table and two charts. They are logically, but not psychologically, equivalent. 
	Year
	1910
	1930
	1950
	1970
	1990

	Rhinos  (in 1000's)
	850
	500
	220
	80
	20


	Figure 3  
Rhino data plotted as a bar chart
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	Figure 4  
Rhino data plotted as points with connecting lines
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Exercise 3.3   Predict what you think the rhino population will be in the year 2010. Which of the three above displays was most helpful in making your estimate? 
Exercise 3.4   In 1986 about 130 Florida manatees ("Sea cows") died, but the figure skyrocketed to 415 in 1996. The deaths are largely attributable to human activities (especially speed boat collisions and propeller slashes). The intermediate figures are: 135 in 1988, 200 in 1990, 115 in 1992, and 180 in 1994. Construct a table and two charts for manatee mortality. 
4. Units   In applications of mathematics it is usually very important to keep track of dimensions or physical units such as feet, volts, dollars, etc.  in pure mathematics the sum of 15 and 2 is 17 and that's the end of it, 15 + 2 = 17.  However, units can completely change arithmetically bizarre equations such as -- 
15 + 2  =  1   or   15 + 2  =  7
into correct statements. They can make sense in the context of money and ordinary measurement -- 
:             15 cents + 2 nickels  =  1 quarter   or   15 ft + 2 yd  =  7 yd .
So do not neglect dimensions or physical units.  Units are rarely mixed in scientific formulas.  For example, each of the above equations would be written in the same units -- 
            3 nickels + 2 nickels  =  5 nickels   or   15 ft + 6 ft  =  21 ft 
so that the units on the left side of the equation match the units on the right, and we end up with our usual arithmetic.  For example, in the  speed = distance/time   formula, it is expected that the units will match -- 
78 km / 3 hr  =  26 km/hr. 
Both sides of the equation have the unit kilometers per hour.  We get a different take on the formula by solving for distance --
                45 miles/hr x 3 hr  =  135 miles   ( distance = speed x time ).
Notice how the unit hr "cancels" in this equation so that we have the same unit on both sides of the equation, miles.
      Do not be fooled by abbreviations such as mph and mpg. They need to be expanded so that the units are explicit:  mph = miles/hr and mpg = miles/gal.  If scientific units do not match, you can be sure an error has been made somewhere. A satellite was lost because someone had mixed English and metric units.
Exercise 3.5   Correct the equality by associating units with the numbers  2(    ) + 5(    )  =  1(    ).   [Hint  Try money.] 
Exercise 3.6   In the section on scale, 14 trillion dollars of US national debt was expressed as 50,000 dollars of debt per person. Add units to the below arithmetic to justify this, assuming there are about 280 million people in the US -- 

                                                                           14x1012 / 280x106  =  14x106 / 280  =  .05x106  =  5x104. 
Ask Marilyn column (Parade Magazine, 31 AUG 97).   "Suppose it takes one man 5 hours to paint a house, and it takes another man 3 hours to paint the same house.  If the two men work together, how many hours would it take them?  This is driving us nuts. (Joyce Deck, Ypsilanti, MI)"  This does not sound as if it has anything to do with units, yet that is one way to deal with it.  But first, Marilyn's solution of the "Ypsilanti" problem: 
      No wonder.  If the two men work together, it will take them one hour, 52 minutes and 30 seconds to paint the house. You can prove the answer like this: Say instead that it takes one man 6 days to paint a house, and it takes another man 3 days to paint the same house. Working together, it would take them 2 days, because the first fellow would finish 1/3 (2/6) of the house in that amount of time, while the second fellow would finish the other 2/3 of the house. So, in your problem, the first fellow would finish 1.875/5 of the house while the second fellow would finish the other 1.875/3 of the house. (One hour, 52 minutes and 30 seconds equals 1.875 hours.) And 1.875 fifths of a house plus 1.875 thirds of a house equal one whole house. 
Got it?  Marilyn is usually much better. The first thing to notice is that if the fast painter can paint a house alone in three hours, the job will be completed sooner than three hours if the slow painter (five hours per house) joins him.  We might estimate the time by first averaging the painters' hours, (3+5)/2 = 4 hrs.  Then, since the two of them are both painting, divide this average by 2.  So the answer to the Ypsilanti should be about two hours.   Now let's do it via units, a sort of dimensional analysis: 
	   Fast painter --   3 hrs / house or 1/3 house per hr = 1/3 house/hr 

	   Slow painter --   5 hrs / house or 1/5 house per hr = 1/5 house/hr 

	   Combined --     1/3 house/hr + 1/5 house/hr = (1/3 + 1/5) house/hr = 8/15 house/hr.



This translates to 15/8 hrs/house or 15/8 hours per house.  So it will take them 15/8 = 1.875 hours, or one hour and 52 minutes to paint the house (1:52:30, if you think 30 sec is significant!).. 
Exercise 3.7   Visualize the Ypsilanti house as  3x5 = 15  sub-jobs and then see how many of the sub-jobs the two painters can finish in an hour.  Can you figure out how long it takes them to paint the rest and thus solve the problem? 
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Exercise 3.8   A company has won a bid to clean up a toxic dump in one year and three months.  It sends in two teams. The A team could clean it up alone in two years, the B team in three.  If they are assigned to the dump and the teams neither help nor hinder each other's efforts, will the company get the job done on time?
4 Mexican Free-tail Bats   A million Mexican free-tail bats are estimated to consume 10 tons of moths, mosquitos and other insects each night (G.F. McCracken, "Bats Aloft," in Bats International, Fall 1996).  Numbers this large should be scaled down so as to be a little easier to comprehend.  Bats and pounds of insects are a lot more manageable than millions of bats and tons of insects.  It is much safer to do this scaling by starting with the dimension of each quantity and then keeping track of the dimensions. There are two ways to look at this.
	    How many insects does a bat consume?  The units are lbs/bat.

	    How many bats does it take to consume a pound of insects?  The units are bats/lb.


The final numbers will just be reciprocals of each other, but the calculations look different. The first calculation is a little harder, so we will do it.  We want lbs/bat: 
	   10 tons / 106 bats  =  (10 tons x 2000 lbs/ton) / 106 bats  =

	                                                               20,000 lbs / 1,000,000 bats  =  2 lbs / 100 bats  =  1 lb / 50 bat  =  1/50 lbs/bat.



So the answer is about 1/50 of a pound of insects per free-tail bat.  The answer is mathematically correct but does it convey much information -- does it give you a feel for how much a bat consumes in a night . . . ?   Let's change pounds to ounces: 1/50 lb x 16 oz/lb = 16/50 oz = 32/100 oz = .32 oz . This is about 1/3 oz, so the answer is: 
                                A free-tail bat consumes an average of about 1/3 of an ounce of insects each night.
Notice that the answer is given in common language – no esoteric abbreviations, no scientific jargon, no snow-job.  However, the answer could be improved by being even more down to earth.
      One-third of an ounce does not suggest any ordinary object that we can use as a bench mark.  Exercises 9 and 10 will suggest other ways to phrase the answer. 
Exercise 9   A raisin weighs about a gram. Convert the free-tail's consumption to grams and then express the answer in down-to-earth form. 
Exercise 10   Estimate the weight of a single peanut in ounces (Buy a small bag and count them!) Then express the free-tail's consumption in a down-to-earth form. 
Exercise 11   Reduce the bat data to bats per pound of insects. You already know what the answer is because of the above work. The important thing is to carry out the calculations step-by-step, being sure to include units at each step. Express your answer in common language.
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1 km. (1,000 m.) = 0.6214 miles


1 mile = 1.6093 km. (1,609.3 m.)
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S = Sum


P = Principal


r = rate (interest rate)


n = number of years





P = Population


Po = Population at time = 0


e = exponential number (2.7182818)


bt = breeding time.









